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Abstract 

A tachyon field having a negative squared-mass — can be described in terms 
of massless fields degenerating infinitely with respect to helicities. This picture for 
tachyons does not contradict causality. It is seen that the tachyon vector field can be 
quenched from the interactions with matter fields, and the effects can be represented 
by a phase factor. The accelerated expansion of the universe and the dark energies 
are interpreted in terms of the phase factor. 
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1. Introduction 

The Klein-Gordon equation for a tachyon having negative squared-mass — m 2 (m t =a 
positive real number) is written as 

[c>^ - m 2 ]0(r M ) = [ J^- A (x, y, z) - m 2 ]0(r, r) = 0, (1) 

where the metric tensors are taken as rj TT = 1, r)u = — 1 for i — x,y, z, and r/^ = for p ^ 
v, and t = ct (c=light verocity), m = m t c/h, and A (x,y,z) = d 2 /dx 2 + d 2 /dy 2 + d 2 /dz 2 . 
It is known that in relativistic transformations tachyons must have velocities exceeding 
the light velocity c, and then the existence of such particles breaks causality. The tachyon 
is, of course, not yet observed. Here an idea that the introduction of the tachyons does not 
contradict causality is proposed. In the idea the tachyon will be described by infinitely 
degenerate massless-fields. A vector field playing the role similar to a gauge field are 
included in the massless fields. It will be shown that the tachyon vector-field have a close 
connection with problems in astrophysics such as the dark matter and the accelerated 
expansion of the universe. The membrane in Lorentz space will also be constructed in 
terms of the wave packet of the tachyons. 

2. Infinitely degenerate tachyon fields 

Eq. ([1]) can be divided into two equations with two dimensions [I], e.g. 

[|^-|^(^) = (2) 

and 

[— A (x, y) — m 2 ]A(x, y) = 0. (3) 

One for the two-dimensional zt space is the relativistic equation of motions for a massless 
particle, of which solutions are written by the plane wave e ±l (p» T -P z )/ h with p — \p\ and 
— oo < p < +oo, whereas the other for the two-dimensional xy space is a two-dimensional 
Schrodinger equation in a negative constant potential for the solutions with the zero- 
energy eigenvalue E — 0. The + and — symbols in the plane wave ^(pot-p^)/^ respec- 
tively, correspond to the creation and the annihilation of the field in field theories. Note 
that the separation of the two directions perpendicular to the non-zero three-momentum p 
in the four- dimensional space can generally be carried out in terms of the four-momenta 
defined by p + = (|p|,p) and p~ = (|p|,— p) such that e^ uXa p\p~ /2|p| 2 , where e^ uXa is 
the totally anti-symmetric tensor defined by €0123 = 1- It is trivial to write A (x, y) in 
the covariant expressions in terms of these tensors. Hereafter the moving direction of the 
tachyon is taken to be in the z direction. It has been shown that 2-dimensional Schrodinger 
equations with the central potentials V a (p) = — a 2 5 f a p 2 ^ a_1 ' ) (a 7^ and p = ^/ x 2 + y 2 , i.e., 
x = p cos ip and y = psimp.) have zero-energy eigenstates which are infinitely degener- 
ate [21 El IH E]- Eq- © is nothing but the equation for a = 1. This fact indicates that 
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the tachyon can be interpreted as fields with the infinite degeneracy. First, reconsider 
the argument for the two-dimensional zero-energy solutions with the infinite degeneracy 
briefly Putting the function A(x, y)^° = fn(x,y)e ±imx into Eq. ([3]), where fn( x ,y) are 
polynomials of degree n (n = 0, 1, 2, ■ • • ), the following equation for the polynomials is 
obtained 

[A(x,y)±2im^-}f^(x,y) = 0. (4) 

From the above equations it is seen that the relations (f^)* = f£ hold for all values of 
a and n. General forms of the polynomials and the introduction of the angle to the x 
axis have been carried out [3j H] . It has been shown that the functions A n belong to the 
conjugate space of the nuclear space in the Gel'fand triplet S{1Z) C L 2 (1Z) C S(1Z) x , 
where S(TZ), L 2 (1Z) and S(1Z) x are, respectively, the Schwartz space, a Lebesgue space 
and the conjugate space of S(JZ) [21 El lU El El E]- It should be stressed that in the 
massless case for m = Eq. (JH) does not have the polynomial solutions, and also in 
the positive squared-mass case for +m 2 the functions A n have the factor e ±mx , instead 
of e ±imx , which diverges one of the limits of x — > ±oo and then the solutions do not 
have any good nuclear space for the construction of Gel'fand triplet. That is to say, only 
in the negative squared-mass case the well-defined Gel'fand triplet can be found for the 
infinite series of the functions A n . Since all the functions have the factors e ±imx , it can 
be seen that the zero-energy states describe stationary flows in the xy plane [21 El HI [6] . 
In this picture the tachyon mass parameter m is understood to be the wave number 
of the stationary flows in the xy plane, and the stationary flows do not change under 
the relativistic transformations in the zt space. In general, in the relativistic covariant 
expression in terms of the anti-symmetric tensors e^ vXa , the tachyon fields behave as 
massless fields with the four-momentum p + or p~ under the four-dimensional relativistic 
transformations. It can be said that the tachyons are the massless fields which expand 
into the two-dimensional space perpendicular to the moving direction as the stationary 
flows with the zero-energy eigenvalue. The tachyon fields represent no longer particles but 
movements of the flows. Of course, they move with the light velocity as massless field, 
and then the existence of the tachyon fields does not contradict causality. 



3. Tachyon vector- field 

The tachyon fields expressed by the above polynomials however, do not have any 
defintie properties with respect to the rotations in the xy space. Let us study another 
representation of the infinite degeneracy of the zero-energy states in terms of the two- 
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and (p is the angle from the positive x axis. In 
y 2 should be written as a four-dimensional scalar in terms of the anti- 
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symmetric tensors e^ uXu and the four momenta p^. This equation has solutions with an 
infinite degeneracy with respect to the angular momentum L z . That is to say, putting 
the eigenfunctions of L z , i.e. 

i2, = hi{p)e^ for / = 0,±1,±2--- 

into Eq. (jSJ), the equation for hi is given by 

[--^-(p^) + - 2 -m 2 Mp) = 0. (6) 
p dp dp p z 

This is the equation for the Bessel function, and then the solution is given by hi(p) = Ji(q), 
where q = mp. Here the solutions with no singularity at q = are chosen. We have a 
unique solution for each I. The solutions again have the infinite degeneracy with respect 
to the eigenvalues of L z . That is to say, the tachyon expressed by Ri represents a massless 
field with the helicity hi. Note that, since the zero-energy eigenfunctions are not in 
a Hilbert space but in the conjugate space of Gel'fand triplet, the normalizations of 
the solutions cannot generally be introduced. It is seen that the multiplication of the 
dimensionless scalar-factor 

Q{T,z;p) = — - 

to Ri does not change the property of Ri as the solution of Eq. namely, the functions 

IT*' 

can be the solutions of Eq. (JTJ) because of the massless condition p 2 = 0. It is seen that 

xi = f(Q)Ri (7) 

are the solutions for the tachyon fields, where f(Q) can be differentiate functions of Q. 
In general = d^d u ...xi can be the solutions of Eq.(3) such that 

[- A{x,y)-m 2 ]T lllu ... = 0. (8) 

Taking into account that xo is the scalar in the four-dimensional space-time, arbitrary 
tensors in the four-dimensional space-time can be constructed such that 

T 0fi u... = d^d u ...xo- (9) 

Thus the tensor fields 

</V... = T 0lH ,.JW, 

can satisfy Eq. (pQ), where the four-coordinate r = (r,x,y,z) and the four-momentum 
p = (\p\,0,0,p) are taken in the present model. Note that the factor p^r^/lpl represents 
x_ = r — z for p = (\p\,0,0,p) and x + = t + z for p = (\p\,0, 0, — p) in the light-cone 
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coordinates. In the present case, instead of r, r — r c can be put in Eq.fTj), where r c 
is a constant four-vector. It can be said that the vector field 0^ describes a tachyon 
vector-field, and Tq^ represents the strength of the tachyon vector-field. 

Let us study more about the tachyon vector-field strength. Hereafter we put T M = T 0fl . 
The anti-symmetric tensor representing the field strength can be introduced as same as 
the electromagnetic field strength such that 

F ta , = d li T v -d v T„. (10) 

The tensor obviously fulfills the equation 

d v F^ = d u d fl T„ -d% = (11) 

that corresponds to the equation in the case for the absence of source. It can be said that 
is a kind of vector potentials. Now we can write the equation of motion of a matter 
field having spin ~ with the vector potential as 

^(ij^-ig^-M)^, (12) 

where g c and M are, respectively, the coupling constant and the mass of the matter field. 
In this model the transformation similar to the gauge transformations of tp and can be 
introduced such that 

^^e^x^ T^r^Tp + d^, (13) 

and the tachyon 0^ is transformed as 

^^<f>'»=(T, + d, X T y p ^ /h . (14) 

Under these transformation the interaction does not change the form such that 

^\i^{d,-ig c Tl)-M)^'. (15) 

If x T — ~Xo is taken, obviously vanishes, namely, T' = 0. In this case the matter field 
seems to be free from the vector potential induced by the tachyon vector-field. Actually 
the tachyon vector-field is quenched such that 0^ = 0. The matter field, however, has an 
effect of the interaction with the tachyon on the phase expressed by the phase factor 

p — g-*9cX0 

4. Dark matters in the universe 

Let us study the effect of the phase factor. In the evaluations all the matter fields 
have the same phase factor F such that 

$ = Ftp. (16) 
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The quantity corresponding to the four-momentum of the matter field 

= ~ d^*$}/\4>\ 2 . 

is evaluated as 

p, = i\h[rd^ - d^M 2 + \hg c [d»{xo + Xo)\- (17) 

Note that in the case of the free field described by a plane wave ip oc e 1 ^^ the first term 
just gives the four-momentum p^^ of the free motion. It is seen that p^ for ip is different 
from that for ip by the second term hg c [d^(xo + Xo)]/2 = ^c-Refc^xo], which is brought 
by the phase factor F. The second term can be understood as the difference from the 
momentum of the field being free from the interaction with the tachyon vector-field. Here 
let us study a simple case for f(Q) = Q. It is important that the factor Q = p^r^/h 
in xo brings the term that is proportional to time g c \p\ctdiRo for i — x,y. Since Ro has 
no (^-dependence, the derivatives give non-zero effect only for the direction of p, that is 
evaluated as 

g c \p\ctd p J (q) = -gdplctmJ^q). (18) 

This means that the field ip moves under a force without time-dependence, that is to say, 
the motion of the field is the motion accelerated by the time-independent force. In order 
to recover the uniformity of the space-time it is natural to consider that the distribution 
of the tachyons are uniform and have no specific direction for the momentum. Then the 
average with respect to the distribution of the tachyon momentum p^ eliminates the term 
p z z depending on the direction of the tachyon momentum included in the second term, 
and the remaining terms are give as 

- g c \p\ctmJ x (q), (19) 

where \p\ stands for the average of the magnitude of the tachyon momentum. The uni- 
versal acceleration for the radial direction remind us the accelerated expansion of the 
universe [T51 [Hj. For the short time after the birth of the universe many numbers of 
tachyons were produced as same as other particles. During the long time of the expansion 
they reached to the stable distribution, and have been swallowed up as the phase factor 
by the matter fields. From the relation q = mp it can be seen that, if the tachyon mass 
parameter m = m t c/h is small enough to fulfill the condition that q = mp is less than the 
first zero-point of J\ for q ^ all over the present universe, all the matter fields suffer 
the positive acceleration for g c < or the negative one for g c > 0. In such a case the 
acceleration does not disturb the internal movement of each galaxy, because the sizes of 
the galaxies are very small in comparison with that of the universe, and therefore J\{q) 
can be taken as a constant in each galaxy. The effect of the phase factor can be an answer 
to the accelerated expansion of the present universe. 

Let us estimate the magnitude of the effect. For the present time scale corresponding to 
the age of the universe the effects are observed as positive effects all over the universe [2] . 
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This means that g c must be negative for the matter fields like protons and neutrons, and 
q = mp must be smaller than the first zero-point of J\ but q = so as to satisfy the 
condition J±(q) > 0. By using the age of the universe (~ 1.4 x 10 10 years) the order 
of the radius of the universe is estimated as 10 26 (m). From the condition that the first 
zero-point of J\ is less than 4, that is, q = mp < 4 for p ~ 10 26 , the order of the tachyon 
mass m t is estimated as 

m t < 1(T 68 (%). (20) 

This value being nearly 10~ 38 m e (m e =electron mass) is very small in comparison with 
masses of other particles known at present. It should, however, be noted that m t is not 
the mass but the parameter of the potential for deriving the zero-energy solutions. In 
order to interpret the acceleration experimentally observed [T3l [14] the order of Eq. (1191) 
should be same as those of the momenta of the matter fields on the present time scale of 
the universe. Since the magnitude of dm for t =the age of the universe and also that of 
J\{mp) for p <the size of the universe are of the order 0(1), the order of the momentum 
of Eq. ( [191 is estimated as 

-g c \p\ ~ M7C/3, 

where the Lorentz factors are given by 7 = 1/ a/1 — f3 2 and f3 = v/c for the velocity of 
the matter v. The order of the dimensionless coupling constant g c is obtained as 

\g c \ ~M 7C /3/b|. (21) 

Considering that the average of the tachyon momentum \p\ will be not very small and also 
not very large in comparison with those of the matter fields, we can say that the coupling 
g c has a reasonable magnitude. 

Tachyons must be created also in the growth of each galaxy. Such tachyons give 
another effect to each galaxy. It can be said that the effect on the momentum is very 
small, since q = mp is very small for the galaxy scale and Ji{q) can be taken to be nearly 
for the such small values of q. 

This effect also increases or decreases the energy of the matter field as same as the 
three-momentum, which is evaluated in terms of the 0-component of The effect 
obtained as —g c \p\cJo{(l) is positive for g c < as same as that on the momentum. By 
using the above estimations of Eqs. (I2"0"j) and f!2ip . the order of the energy correction is 
seen to be the same order of that for the matter. The effect of the tachyons produced 
in the growth of each galaxy, however, cannot be neglected in the energy corrections, 
because Jo{q) has the largest value at q — 0. This means that the dark energies can have 
two origins, that is to say, one arises from the birth of the universe and the other does 
from the birth of each galaxy. The former spreads all over the universe, while the latter is 
trapped in the galaxy. It will be not easy to observe such tachyon fields quenched by the 
phase factor in any direct processes. It will be observed through gravitational effects. It 
can be said that the tachyons can be the candidate for the dark matters in the universe 
and also in galaxies. 
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5. Some considerable effects of tachyons in astrophysics 

The zero-energy solutions contain the I = ±2 states written by R±2- This means that 
massless tensor fields can be described by the zero-energy solutions. Consider the tensor 
fields 

V = 9d»dvXo, (22) 
where g is a small constant. It can be shown that the tensor field satisfies the equation 

d 2 V - <9 CT (^/W + <%V) + rT Kv = (23) 

that is the linearized equation for the small fluctuation of gravitational field around 
the Minkowski metric rj^ such that 

If g is taken small enough to consider that are infinitesimal quantities, the correspond- 
ing infinitesimal transformations of coordinates are given by 

r^ = r, + gT,. (24) 

The gravitational interaction can be induced through the interactions with the tachyons. 
Note, however, that all of will possibly be quenched by the chice of the phase factor 
eliminating the tachyon vector-field, if the tensor field transforms as 

t = V + 3 d ^vX T - 

The tachyon scalar-field is not quenched in this model. The contribution of the tachyon 
scalar-field to the dark energies should be considered. It must, however, be stressed that 
the tachyon fields are not observed as particles. They will be observed as something 
described by stationary flows [21 [3], HJ [6]. If the scalar field interacts with matters is 
described by the vector form such that ^i^d^Xo^, it will possibly be quenched in the 
choice of the phase factor. 

Note also that the coupling constant g c for antiparticles changes the sign from that for 
particles. This means that the effects by the phase factor are opposite between particles 
and antiparticles. Thus these effects cause the difference between the distributions of 
particles and antiparticles in the universe and also in galaxies. It can be said that the 
tachyons presented here bring some interesting standpoints for the important problems 
in astrophysics. 

6. Remarks on membranes 

Finally it is mentioned that the argument presented here can be extended to the case 
for the two-dimensional potentials V a (p) in terms of the conformal transformations [1-6]. 
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Actually the cases for a = 1/2 (V a (p) oc p _1 ; Coulomb type potential) and a = 3/2 
(V a (p) oc p; confinement type potential) were discussed in the previous works [1,6]. It can 
also be said that the case of a = 2 representing the parabolic potential {V a (p) oc p 2 ) will 
have a certain relation with string theory. Actually the two-dimensional membrane can 
be constructed as follows: Consider the wave packet in terms of the tachyon such that 

/oo 
d(p/h)f(p-p z ) X i(x,y)e ±i ^-^ h . (25) 
-oo 

Note that in this integration both states having the energy factors e~ l \ v \ T l h and e^ T l n are 
included. If f(p — p z ) = e~ a l h /y/na is taken, the result is given as 

^(x, y, z, t) = X i(x, y ) e -^) 2 /^ e ±i P ,{z-T)/K_ (26) 

It is seen that this wave packet is a membrane spreading in the xy plane of which peak 
in the z direction is at z = ±r. It can be seen that the wave packet does not change 
the structure at all, that is, not only the stationary structure in the xy plane but the 
thickness for the z direction as well. The wave packet, of course, moves with the light 
velocity c. The thickness goes to zero as a goes to zero. We see that the stable membrane 
moving with the light velocity can be described by the tachyons. It is noted that the 
membrane with I ^ has a vortex at the origin of the two-dimensional space. The vortex 
may possibly be interpreted as a string coupling with the membrane. On the other hand 
membranes without any vortices can be described in terms of the zero-energy solutions 
given in Eq.(4). The membrane of the tachyons may be related to that of string theory, 
and possibly observed as some astrophysical walls. 
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